SUMMARY: We discuss the software developed for the purpose of determining the relative coordinates (position angle θ and separation ρ) for visual double or multiple stars. It is based on application of Fourier transforms in treating CCD frames of these systems. The objective was to determine the relative coordinates automatically to an extent as large as possible. In this way the time needed for the reduction of many CCD frames becomes shorter. The capabilities and limitations of the software are examined. Besides, the possibility of improving is also considered. The software has been tested and checked on a sample consisting of CCD frames of 165 double or multiple stars obtained with the 2m telescope at NAO Rozhen in Bulgaria in October 2011. The results have been compared with the corresponding results obtained by applying different software and the agreement is found to be very good.
INTRODUCTION
A double star for which the components can be resolved either directly through the telescope or by using additional equipment is said to be a visual double star. Systematic observations of double stars have been carried out for about 200 years. The measuring techniques and methods have been inevitably changed and improved from visual micrometric measurements towards high-angularresolution techniques. The Washington Double Star
Catalog (WDS)
1 contains data for more than 119000 pairs, components of double or multiple stars for which the relative coordinates, position angle and separation have been measured. But only for a small number of pairs, about 2100, the orbital elements have been calculated, i.e. a Keplerian motion has been confirmed. Their orbital elements can be found in the Sixth Catalog of Orbits of Visual Binary Stars 2 .
Astronomers from the Belgrade Observatory working in the field of double and multiple stars have used the CCD cameras over the last ten years for the purpose of taking images of these objects. At the beginning the observations were carried out at NAO Rozhen in Bulgaria (Pavlović et al. 2005 , Cvetković et al. 2006 , 2007 , 2010 , 2011 but from the middle of 2011 such kind of activity has also been possible at the Astronomical Station of Vidojevica in Serbia. A large number of CCD frames (about 1000) have been collected. Consequently, a lot of time is needed for measuring, or more precisely, determining the relative coordinates for these pairs. Until recently, the frames were measured by using the AIP4WIN (version 2.3.1) software (Berry and Burnell 2002) . Now IRAF 3 , available on the Internet, is used, but we have also developed a new software. In the following the software will be described and its application will be discussed. The software contains a programme which first reads the corresponding CCD frame in the FITS format. Afterwards, the conversion into the frequency domain is done by applying the Fourier transform (FT) to the frame. Then, applying the autocorrelation function the relative coordinates of interest are obtained from the corresponding result. In Fig. 1 part of the display is presented, where the tools are seen which, if needed, can be used for the purpose of determining the relative coordinates of double stars.
THE TWO-DIMENSIONAL FOURIER TRANSFORM
In this software the images are treated in the frequency domain. When speaking of frequency, usually the temporal signal dependence is borne in mind. However, in our case we have a two-dimensional light intensity map registered as an image, i.e. there is a signal dependence in space. Due to this the spatial frequency is not expressed in number of cycles per second, but in number of cycles per pixel or, finally, in number of revolutions per mm. Since a frame has two dimensions, the conversion into the frequency domain requires the two-dimensional FT to be applied (Buil 1991) .
Let f (x, y) be a function, its Fourier transform is:
The inverse two-dimensional Fourier transform is 
where (x, y) are spatial coordinates, and (u, v) the spatial frequencies.
Since the frames consist of a finite number of pixels (M, N ), the conversion into the frequency domain is done by using the discrete FT. In other words the relation (1) becomes:
The inverse two-dimensional Fourier transform is given by:
In Fig. 2 we present the results of FT in the case of double star STF 783: a) a negative of its CCD frame, b) its FT before translation and c) its FT after translation. In panel b) the zero frequency is in the lower left corner and in panel c) the zero frequency is moved to the middle of the frame.
REDUCTION OF CCD FRAMES OF DOUBLE STARS
The image obtained by using a CCD camera contains the distribution of electromagnetic radiation from a given part of the sky over pixels of a CCD chip which can be described by means of the following relation (Berry and Burnell 2002) :
where
The frame quality, in addition to the emission of the observed object, is also affected by other factors such as temperature, atmospheric turbulence, etc. These influences can be very significant in the case of visual double stars, especially when the separation between the components is small. For this reason the image is analysed by applying FT in order to achieve the conversion from the image domain into the frequency one. By using FT it is possible to analyse the same double-star pair on various frames, regardless of their position, because the same result is obtained after the conversion into the frequency domain. This is based on a fundamental property of FT: the invariation of shift in the spatial plane into the frequency plane.
In order to clearly extract the peaks which correspond to the components of a given double star obtained by applying FT, in this software the autocorrelation is applied so that the dominant peaks become even more prominent, i.e. we have one central peak followed by two secondary ones.
According to the Wiener-Khintchine theorem (Saha 2007 ) the autocorrelation function can be expressed as a product of two FT:
where (F (u, v) ) is the conjugate-complex F (u, v) and IFT denotes the inverse Fourier transform. After calculating FT and the autocorrelation it is possible to start determining the separation and position angle for the given double stars. In this procedure one has to extract the secondary peaks and determine their centres because their distance yields the double value of separation. The coordinates of the peak centroids (x, y) are calculated by using the following formulae:
where AC(i, j) is the autocorrelation value on pixel (i, j), n and m are the quantities determining the rectangle containing the peak (for which the centre is determined) and s is the arithmetic mean of the intensities of all pixels in the region around the peak:
In the software, after the autocorrelation is carried out, the search for peaks is performed by using 3 × 3 matrices. The first step is to find the peak top, i.e. the pixel of the maximum intensity because all the neighbouring pixels are of lower intensities. For this reason the whole image is examined by means of the 3 × 3 matrix for the purpose of looking for such intensities. If a maximum appears at the matrix centre, then a peak has been located and its position is stored. In the final step among stored peaks three with the highest intensity are identified and they correspond to the peaks which have been looked for.
The coordinates of the secondary-peaks centres C 1 (x 1 , y 1 ) i C 2 (x 2 , y 2 ) are used to determine the separation and angle with respect to the coordinate system of the image:
In Fig. 3 the peak cross section is given and the distance of the secondary peaks used in the calculation of the separation ρ = d/2 is marked.
The separation ρ is the distance in pixels and it is necessary to convert its value into arcseconds taking into account the pixel size and telescope focal length (F ). The value obtained for the angle must be reduced to the north direction in order to obtain the position angle θ. The north direction is determined by using the star track. In the case of close pairs, due to the proximity of the components, the secondary peaks in most cases cannot be clearly distinguished by applying the autocorrelation function, even the relative coordinates cannot be determined. The software was therefore upgraded by adding the option for logarithmic scaling of FT amplitudes so that, in some cases, this method leads to the result. This is possible due to the FT property of being invariant as to scaling. A special attention is payed to the relative-coordinate determination in the case of multiple stars where the autocorrelation function yields several secondary peaks. In such cases the first step is to detach the part of CCD frame which contains a given pair and its data are the software input. It should be said that detaching of pairs in this way, even its measuring, is not always possible. Clearly, these additional activities cannot be automated, instead they are done "manually" resulting in a reduced software efficiency.
Due to this in the case of double stars the determination of relative coordinates is at first done automatically and where the problem of extracting the secondary peaks arises, the procedure is repeated with inclusion of the logarithmic-scaling option for FT amplitudes. In the case of multiple stars the first step is to detach the part of CCD frame containing a given pair and afterwards the procedure is the same as for double stars.
The signal to noise of the object is estimated from the values in the subraster in the following way (Davis 1990) :
where N object is the number of counts in the object above the threshold, σ sky is the standard deviation of the pixels in the sky region and n pix is the number of pixels covered by the object. This approximation includes the Poisson noise in the object. 
RESULTS AND DISCUSSION
The results obtained by the application of FT and the software abilities will be demonstrated through the already treated sample of double stars for which the CCD frames were taken in October 2011 at NAO Rozhen in Bulgaria. The observations were performed with the 2m Ritchey-ChretienCoude (RCC) reflector. The frames were obtained by using the CCD camera VersArray 1300B. The chip dimensions are 1300×1300 pixels, the pixel size is 20×20 micrometers. The angle corresponding to one pixel is 0.261 arcsec.
To assess the quality of the obtained results we compare the relative coordinates ρ and θ obtained by applying FT with the corresponding values obtained by using another software -AIP4WIN. The results for the selected sample of pairs are given in Table 1 . In the sample, the selection is carried out to include pairs with various separations, magnitude differences between components and number of components.
The designations used in Table 1 are as follows: WDS -identification in the Washington Double Star Catalog by its coordinates for the epoch 2000.0 in Column 1; Discoverer designation -double-star name after the discoverer with designation for pair components in Column 2; Column 3 gives the magnitude difference between components of the pair; ρ FT and θ FT -separation (in arcseconds) and position angle (in degrees) obtained by using FT in Columns 4-5; ρ AIP and θ AIP -separation and position angle obtained by using the AIP4WIN software in Columns 6-7; Columns 8 and 9 give absolute differences ∆ρ = ρ FT − ρ AIP and ∆θ = θ FT − θ AIP and in the last Column the ratio signal to noise S/N is given.
The double star WDS 00152+2722 = J 868 is chosen as an example of a wide pair, for which the values of relative coordinates are obtained automatically, i. e. by applying FT its components are clearly separated, regardless of the low S/N ratio ( Table 1) . The next double star WDS 00538+4731 = ES 1297 has a lower separation (about 4 ) than the previous one. In its case the results are also obtained through the programme, automatically. This is, among others, due to a very small difference in the brightness of its components (∆m = 0.2 and ∆m = 0.1 for the first and second pairs, respectively). Fig. 4 gives the CCD frame, form of FT, 2D and 3D autocorrelations for double star WDS 00538+4731 = ES 1297.
Fig. 4. Double star WDS 00538+4731: a) CCD frame; b) result of its FT; c) autocorrelaton in 2D and d) autocorrelation in 3D.
The pair WDS 05474+2939 = BU 560 is chosen because it has a low separation (less than 1 . 5). Due to the proximity of the components it is impossible to clearly indicate the secondary peaks by means of autocorrelation, even to determine the relative coordinates. The results are obtained by applying the logarithmic scaling. Besides, the S/N value is small, which led to rather high coordinate differences, especially ∆θ.
In the case of the double star WDS 06179+0919 = OPI 9 it is also necessary to carry out the logarithmic scaling in order to calculate the relative coordinates. The reason is not the separation, but a rather high difference in the brightness of the components (∆m = 1.32).
WDS 19500+0637 = J 1336 is composed of three components. The pair AB has a separation less than 6 , whereas the pair AC is much wider. All three components have approximately the same brightness. The coordinates of both pairs are determined automatically after detaching parts of the image.
The pair WDS 22013+2751 = ES 527 has a small magnitude difference between the components (∆m = 0.1). However, by using the programme it is not possible to determine the relative coordinates automatically. Although the components have almost the same brightness, the separation is relatively small, also a low ratio S/N = 121.68 has contributed to the insufficient separation of the peaks. The result is obtained by applying the logarithmic scaling.
The multiple system WDS 23317+1956 consists of 4 components. In Fig. 5 the negative of the CCD frame for this system is presented. The AB pair was discovered by Wirtanen in 1941 and its designation is WIR 1AB. Two more pairs, AC and AD, were discovered in 1953 (Lampen and Strigachev 2001), their designations are LMP 24AC and LMP 24AD, respectively. Since this is a multiple star, the measurements concerning individual pairs were obtained after detaching the corresponding part of the image. In this way the influence of the other components on the result is removed. All magnitude differences between components exceed 1.5 but there was no need for the logarithmic scaling because these pairs are wide enough with separations above 5 . However, the magnitude difference ∆m = 1.88 for the pair AB affected the position angle determination. The difference ∆θ = θ FT − θ AIP is equal to 1
• .29. The CCD frame possesses a high quality which is confirmed by the S/N ratio, it exceeds 200 for all three pairs.
The results of the CCD frame measurements for 154 double or multiple stars are given in Table  2 in which the columns are designated in the same way as in Table 1 . The first part of the table contains the results of automatic determination, whereas the second one contains those obtained by applying the logarithmic scaling. These results have an asterisk by the WDS identification.
The coordinate values obtained by using two softwares (FT and AIP4WIN) differ by small amounts which can be seen in Figs. 6 and 7. From these figures one can notice a better agreement in the case of separations than in the case of position angles. Larger differences concern either the pairs with small separation or the pairs with higher magnitude difference. 
ANALYSIS OF THE RESULTS
In the previous section systems with different characteristics are dealt with (different separations, different magnitudes and number of components). They served for the purpose of demonstrating the capabilities and limitations of the software for determining the relative coordinates, as well as the properties of the method including the FT application.
Here, we want to consider the influence of separation and magnitudes on the software application to the determination of relative coordinates. In the case of pairs with high separations it is possible to calculate the coordinates ρ and θ automatically, with no need for scaling or any other intervention (for instance, WDS 00152+2722 and WDS 00538+4731).
In the case of lower separations an important role is played by the magnitude difference ∆m. If the magnitude difference is rather high, then the resolving of components may fail, which means that the coordinates cannot be determined. However, when the magnitude difference is small enough, ρ and θ can be calculated by applying the logarithmic scaling (for instance, WDS 06179+0919).
In the case of small separations (ρ < 3 ) to apply the logarithmic scaling is most often needed because it is not easy to resolve very close components.
Out of the total of 165 double and multiple stars there were 11 where no measurements were possible. These are double stars with separations mostly below 1 . 5.
In addition to separation and magnitudes the application of FT is also affected by the quality of the frame itself. In the case of the pairs with low S/N ratio in the coordinate calculation additional software options, such as logarithmic scaling can be useful (for instance, WDS 19500+0637).
The problems just described can also be explained by the characteristics of FT. In the case of large brightness difference between system components the FT application will result in losing the fainter star because the peak of the brighter star is significantly more prominent. In the case of the FT application when the signal is close to the surrounding noise, it may become indistinguishable from the noise. When very small separations are in question, the problem is due to "coalescence" of peaks and their detaching by using FT is not possible.
For multiple stars (WDS 23317+1956) the same remarks, as given in the preceding paragraphs, are valid but the determination of relative coordinates becomes difficult due to the necessity of detaching a part of the image in order to avoid the influence of other components on the result. However, the spatial distribution of components does not always allow to detach any pair.
CONCLUSION
The software developed here makes it possible to calculate the coordinates by applying the Fourier transform. The Fourier transform due to its characteristics offers the possibility of resolving the doublestar components and, in this way, the separation and position angle can be calculated.
The main limitations of this programme concern a high magnitude difference between the components, small separation and low quality of the frame. Some of these problems can be avoided by applying the logarithmic scaling which offers a possibility of better resolving the secondary peaks. The objective of this paper is automatisation in measuring the relative coordinates of double stars. In this way, much less time is needed for reduction of CCD frames and this has been achieved to a satisfactory extent.
Future improvement of the programme should make it possible to calculate the relative coordinates for multiple stars more easily. This could be done by using the already implemented procedure with 3 × 3 matrices because, by applying the Fourier transform to a multiple star, several secondary peaks corresponding to different pairs within the multiple star are obtained. At the moment the programme offers the possibility to determine automatically the most prominent secondary peaks only, but the later versions will offer the possibility of determining other peaks as well. It is also necessary to study and conceive the ways of how to solve the problems mentioned in Section 5 (calculation in the case of smaller separations, etc).
For the future programme improvement, better algorithms for peak resolving, also for a better determining their centroids, are needed. Better results with new algorithms for peak resolving are also expected in the case of multiple stars. The user interface should also be improved in order to contain more options for automatisation of measurements, which would simplify the use of the application significantly.
